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Since 2014 the layered semiconductor SnSe in the high-temperature Cmcm phase is known to be
the most efficient thermoelectric material. Making use of first-principles calculations we show that
its vibrational and thermal transport properties are determined by huge non-perturbative anhar-
monic effects. We show that the transition from the Cmcm phase to the low-symmetry Pnma is
a second-order phase transition driven by the collapse of a zone border phonon, whose frequency
vanishes at the transition temperature. Our calculations show that the spectral function of the
in-plane vibrational modes are strongly anomalous with shoulders and double-peak structures. We
calculate the lattice thermal conductivity obtaining good agreement with experiments only when
non-perturbative anharmonic scattering is included. Our results suggest that the good thermoelec-
tric efficiency of SnSe is strongly affected by the non-perturbative anharmonicity. We expect similar
effects to occur in other thermoelectric materials.
Thermoelectric materials can convert waste heat into
useful electricity1,2. The thermoelectric efficiency of
a material is measured by the dimensionless figure of
merit ZT = S2σT/κ, where S is the Seebeck coeffi-
cient, σ the electrical conductivity, T the temperature,
and κ = κe+κl the thermal conductivity, constituted by
electronic κe and lattice κl contributions. The thermo-
electric efficiency can be thus enhanced by decreasing the
thermal conductivity while keeping a high power factor
S2σ. Materials have been doped3–5 or nanostructured6,7
in order to get a high power factor combined with a low
thermal conductivity, yielding, i.e., ZT ' 2.2 in PbTe8.
In the proximity to a phase transition ZT may also soar,
as in the case of Cu2Se
9. Recently, however, Zhao et al.
reported for SnSe10 the highest thermoelectric figure of
merit ever reached in a material without doping, material
treatment or without being in the proximity to a phase
transition: ZT ' 2.6 above 800 K.
SnSe is a narrow gap semiconductor that crystallizes
at room temperature in an orthorhombic Pnma phase.
At T ' 800 K10–13 it transforms into a more sym-
metric base-centered orthorhombic Cmcm structure (see
Fig. 1). The order of the transition is not clear: some
works10–12 claim it is a continuous second-order transi-
tion and others it has a first-order character13. A recent
work14 argues the transition occurs in two steps, where
increasing temperature induces first a change in the lat-
tice parameters that induces after a lattice instability.
There is no inelastic scattering experiment so far for the
high-temperature phase, which should show a prominent
phonon collapse at the transition temperature if it be-
longed to the displacive second-order type15–17.
The most interesting thermoelectric properties appear
in the high-temperature Cmcm phase, where the reduc-
tion of the electronic band gap increases the number of
carriers providing a higher power factor, while the ther-
mal conductivity remains very low10. The value of the in-
trinsic κl of SnSe remains controversial, as the extremely
low isotropic 0.3 W/mK value at 800 K reported by
Zhao et al.10 could not be reproduced in other exper-
iments, where a clear anisotropy is shown and the in-
plane thermal conductivity is considerably larger18–20.
The disagreement is possibly due to large number of
Sn vacancies in the original work10. The lattice ther-
mal conductivity of the Pnma phase has been calculated
from first principles solving the Boltzmann transport
equation (BTE) using harmonic phonons and third or-
der force-constants (TOFCs) obtained perturbatively as
derivatives of the Born-Oppenheimer energy surface21,22.
The Cmcm phase has imaginary phonon frequencies
in the harmonic approximation14,22,23, as expected for
the high-symmetry phase in a second order displacive
transition24–26, and it is stabilized by anharmonicity14,22,
hindering the calculation of κl
22.
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Figure 1. XY face of the a) Cmcm and b) Pnma structures.
Atomic displacements of modes c) Γ1, d) Y2 and e) Y1. Sn
atoms are red and Se blue.
In this letter, by performing ab initio calculations fully
including anharmonicity at a non-perturbative level, we
show that the phonon mode that drives the instability
collapses at the transition temperature Tc demonstrating
that the transition is second-order. Anharmonic effects
are so large that the spectral function expected for some
in-plane modes deviates from the simple Lorentzian-like
shape and shows broad peaks, shoulders and satellite
peaks, as in other monochalcogenides25,27. We calculate
the lattice thermal conductivity of the Cmcm phase by
combining the anharmonic phonon spectra with pertur-
bative and non-perturbative TOFCs. We show here for
the first time that non-perturbative anharmonic effects
are not only crucial in the phonon spectra, but also in
high-order force-constants, which here have a huge im-
pact on the calculated thermal conductivity: κl agrees
with experiments18 only with non-perturbative TOFCs.
Similar strong non-perturbative effects are thus expected
for other thermoelectric compounds.
The group/subgroup index of the Cmcm/Pnma tran-
sition is 2, making a displacive second-order transition
possible28. In this scenario, the transition temperature
Tc is defined as the temperature at which the second
derivative of the free energy F with respect to the order
parameter Q that transforms the structure continuously
from the Cmcm phase (Q = 0) into the Pnma (Q 6= 0)
vanishes. Symmetry29,30 dictates that the amplitude of
the transition is dominated by the distortion pattern as-
sociated to a non-degenerate mode (Y1) at the zone bor-
der Y point with irreducible representation Y +2 (see Fig.
1 for the distortion pattern). This means that ∂2F/∂Q2
is proportional to the eigenvalue of the free energy Hes-
sian matrix associated to this irreducible representation:
ω2Y1 .
In this work we calculate the free energy Hessian ma-
trix using the stochastic self-consistent harmonic approx-
imation (SSCHA)31–33, which is applied making use of
ab initio density-functional theory (DFT) calculations
within the Perdew-Burke-Ernzerhof (PBE)34 or Local
Density Approximation (LDA)35 parametrizations of the
exchange-correlation functional (see Supplementary Ma-
terial for the details of the calculations36–40). The SS-
CHA is based on variational minimization of the free
energy making use of a trial harmonic density matrix
ρR,Φ paramatrized by centroid positions R and force-
constants Φ (bold symbols represent in compact notation
vectors or tensors). The centroid positions R determine
the most probable position of the atoms and Φ is related
to the amplitude of their fluctuations around R. The
free energy Hessian can be calculated as32
∂2F
∂R∂R = Φ +
(3)
ΦΛ(0)[1−
(4)
ΦΛ(0)]−1
(3)
Φ , (1)
where
(3)
Φ and
(4)
Φ are third- and fourth-order non-
perturbative force-constants obtained as quantum av-
erages calculated with ρR,Φ:
(n)
Φ =
〈
∂nV
∂Rn
〉
ρR,Φ
. The
(n)
Φ force-constants are generally different from the
(n)
φ
perturbative ones obtained as derivatives of the Born-
Oppenheimer potential V at the minimum:
(n)
φ =[
∂nV
∂Rn
]
0
. Λ(0) in Eq. (1) is a function of the Ω˜µ SSCHA
frequencies and polarization vectors obtained diagonal-
izing Φab/
√
MaMb, with Ma the atomic mass (a labels
both an atom and Cartesian index). The ωµ frequen-
cies obtained instead from the free energy Hessian after
diagonalizing ∂
2F
∂Ra∂Rb /
√
MaMb, e.g. ωY1 , can be inter-
preted as the static limit of the physical phonons32. The
contribution of
(4)
ΦΛ is negligible with respect to the iden-
tity matrix (see Supplementary Material) and thus it is
neglected throughout.
The calculated temperature dependence of ω2Y1 is
shown in Fig. 2 for LDA and PBE for two different lat-
tice volumes in each case. In all cases ω2Y1 is positive at
high temperatures, but it rapidly decreases with lower-
ing the temperature, vanishing at Tc. This phonon col-
lapse is consistent with a second-order phase transition
between the Pnma and Cmcm. We indeed check that a
SSCHA calculation at T > Tc (T = 800 K) starting from
the relaxed low-symmetry Pnma phase yields the high-
symmetry Cmcm atomic positions for the R centroids.
Thus, the Pnma is not a local minimum of the free en-
ergy above Tc, completely ruling out the first-order tran-
sition. Our result is at odds with the conclusions drawn
in Ref. 14. First, because at the Tc calculated in Ref.
14, which is estimated by comparing the free energies
of the two structures, the Y1 mode of the Cmcm phase
is stable, which implies this phase is a local minimum
at Tc, and, thus, the transition is of first-order type
14.
And second, because it is argued14 that the instability
at Y is produced by a slight change in the in-plane lat-
tice parameters induced by temperature (from b/c < 1 to
b/c > 1), which makes the transition a two-step process.
3a b c Pxx Pyy Pzz
LDA theory 21.58 7.90 7.90 0.4 0.7 0.6
LDA Exp. 22.13 8.13 8.13 -1.1 -2.2 -2.0
PBE theory 22.77 8.13 8.13 0.5 1.0 1.1
PBE Exp. 22.13 8.13 8.13 1.8 1.2 1.3
PBE Stretched 23.48 8.27 8.27 -0.3 -0.7 -0.7
Table I. Experimental10 and theoretical (DFT at static level)
LDA and PBE lattice parameters used in this work. The
stretched cell used in some calculations is also given. a, b,
and c latice parameters are given in Bohr length units (a0)
and the three components of the stress tensor in GPa units.
The pressure is calculated including vibrational terms at an
anharmonic level at the following temperatures for each case:
200 K (LDA theory), 600 K (LDA Exp.), 400 K (PBE Exp.),
400 K (PBE theory), and 400 K (PBE stretched).
We do not see this sudden appearance of the instabil-
ity, the Y1 mode is always unstable at the harmonic level
even exchanging b and c (see Supplementary Material).
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Figure 2. ω2Y1 as a function of temperature within LDA and
PBE approximations for different lattice volumes (circles). In
the LDA we compare the results obtained with the theoret-
ical and experimental10 lattice parameters. In the PBE cal-
culation we present the results for the experimental lattice
parameters and a stretched unit cell (see Table I to check the
lattice parameters in each case). The solid lines correspond
to a polynomial fit.
The obtained transition temperature strongly depends
on the exchange-correlation functional and the volume.
Within LDA Tc ranges between 168 K with theoretical
lattice parameters and 616 K with experimental lattice
parameters10 (see Table I for the lattice parameters).
Within PBE Tc barely changes between the experimen-
tal and theoretical lattice parameters. We attribute this
result to the fact that the in-plane lattice parameters
b and c are in perfect agreement with the experimental
results within PBE, while LDA clearly underestimates
them. The theoretical lattice parameters are estimated
neglecting vibrational contributions to the free energy.
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Figure 3. Harmonic and anharmonic phonons in the
Lorentzian approximation (Ωµ(q)). The length of the bars
corresponds to the linewidth (full length of the line is the full
width at half maximum). The calculations are done within
LDA in the experimental structure using
(3)
Φ at 800 K and
Ω˜µ(q) at 800 K.
In order to estimate the role of the thermal expansion,
we calculate the stress tensor including vibrational con-
tributions at the anharmonic level following the method
recently developed by Monacelli et al.33. The in-plane
contribution of the stress tensor calculated at the tem-
perature closest to Tc, Pyy, shows that both theoretical
LDA and PBE lattices should be stretched. In the LDA
case it is clear that stretching the lattice increases Tc.
In the PBE case, when we take a stretched lattice to
reduce Pyy, Tc increases from 299 K to 387 K. In all
cases the other in-plane component of the stress tensor,
Pzz, is very similar to Pyy. The LDA transition tem-
perature with the experimental lattice parameters yields
the transition temperature in closest agreement with ex-
periments, which is estimated to be of ' 800 K10–13,41.
The underestimation of the transition temperature may
be due to the approximated exchange-correlation or the
finite supercell size taken for the SSCHA. It is interest-
ing to note that in the experiments by Ibrahim et al.18,
where it is stated that the samples contain much less Sn
vacancies than in Ref. 10, the in-plane thermal conduc-
tivity seems to increase at around 600 K, which may be
a fingerprint of a phase transition (see Fig. 5).
The phonon collapse predicted here should be ex-
perimentally measurable by inelastic neutron scattering
(INS) experiments. INS experiments41 show a softening
of a zone-center optical mode of the Pnma phase upon
heating, which is consistent with the condensation of the
Y1 mode after the transition. By making use of a dynami-
cal ansatz32, we calculate the mode-projected phonon an-
harmonic self-energy Πµ(q, ω) (see Supplementary Mate-
4rial), from which we obtain the phonon spectral function:
σ(q, ω) =
1
pi
×∑
µ
−ωImΠµ(q, ω)[
ω2 − Ω˜2µ(q)−ReΠµ(q, ω)
]2
+ [ImΠµ(q, ω)]
2
. (2)
Peaks in σ(q, ω) represent phonon excitations observed
experimentally. Replacing Πµ(q, ω) → Πµ(q, Ω˜µ(q)) in
Eq. (2) the Lorentzian approximation is recovered, in
which each peak is represented with a Lorentzian func-
tion centered at Ωµ(q) =
√
Ω˜2µ(q) +ReΠµ(q, Ω˜µ(q))
with a linewidth proportional to ImΠµ(q, Ω˜µ(q))
42.
Fig. 3 compares the harmonic phonon spectrum with
the anharmonic one in the Lorentzian approximation ob-
tained at 800 K within LDA in the experimental lattice
(the results below are also obtained within the LDA in
the experimental lattice). The anharmonic correction is
very large for most of the modes across the Brillouin zone.
Within the harmonic approximation, there are five unsta-
ble modes: two (Γ1, Γ2) at Γ, two (Y1, Y3) at Y and one
(R1) at R. The instabilities at Γ would cause ferroeletric
transitions22,43, but they suffer from a huge anharmonic
renormalization that prevents it. Y3 and R1 are also sta-
bilized by anharmonic effects. The Y1 mode however,
even if it is strongly affected by anharmonicity, remains
unstable at 600 K (see Fig. 4a), i.e., the Cmcm phase is
not a minimum of the free energy and the crystal distorts
adopting the low-symmetry Pnma phase.
In highly anharmonic materials25,27,42,44,45, the spec-
tral functions show broad peaks, shoulders and satellite
peaks, strongly deviating from the Lorentzian picture. In
Fig. 4 we show the spectral function keeping the full fre-
quency dependence on the self-energy, without assuming
the Lorentzian lineshape. The spectral function clearly
reproduces the collapse of the Y1 mode at the transi-
tion temperature. The calculated spectral functions show
that the strong anharmonicity present on the phonon fre-
quency renormalization is also reflected on the spectral
function. The strongly anharmonic features specially af-
fect in-plane modes in the 25-75 cm−1 energy range. For
instance, at the Γ point the Γ1 mode, who describes a vi-
bration along the in-plane z axis in opposite direction for
the Sn and Se atoms (see Fig. 1) and is stabilized by an-
harmonicity, shows a double peak structure and a broad
shoulder (see Fig. 4e). The mode that describes the same
vibration (Γ2) but in the other in-plane y direction also
shows a very complex non-lorentzian shape. The over-
all σ(q = Γ, ω) consequently has a broad shoulder at '
25 cm−1 as marked in Figs. 4c, which is less acute as
temperature increases. At the Y point there are also two
modes, Y2, whose eigenvector is plotted in Fig. 1, and Y3,
which describes the same displacement but in the other z
in-plane direction, that show a strongly anharmonic non-
Lorentzian shape. The modes with very complex line-
shapes are those that show the largest linewidth in the
Lorentzian limit (see Fig. 3), for instance, 12 cm−1 for
the half width at half maximum of the Γ1 mode. These
modes have strongly anomalous spectral functions and
large linewidths because they can easily scatter with an
optical mode close in energy and an acoustic mode close
to Γ. We identify this by directly analyzing which phonon
triplets contribute more to the linewidth. It is interest-
ing to remark that if Πµ(q, ω) is calculated by substi-
tuting
(3)
Φ by
(3)
φ , the anomalies of these modes become
weaker (see Supplementary Material). This underlines
that in the Cmcm phase the third-order derivatives of
V are not sufficient to calculate the phonon linewidths
and that higher order terms are important, which are
effectively captured by
(3)
Φ .
In Fig. 5 we present the lattice thermal conductiv-
ity calculated with the SSCHA frequencies (Ω˜µ(q)) and
non-perturbative TOFCs (
(3)
Φ). For comparison we also
calculate κl substituting
(3)
Φ by
(3)
φ . The calculation is
performed solving the BTE assuming the single-mode re-
laxation time approximation (SMA), whose validity was
confirmed against a more accurate iterative method46
(see Supplementary Material). The thermal conductiv-
ity of SnSe is very low, mainly because the contribu-
tion of optical modes is strongly suppressed by the large
anharmonicity and because the contribution of acous-
tic modes is also reduced due to the large scattering
among themselves and with the Γ1 mode. We com-
pare these results with the values obtained by Ibrahim
et al.18 above the possible transition at 600 K (only the
in-plane κl are reported at these temperatures) and with
the values obtained by Zhao et al.10 above the transition
at 800 K. The lattice thermal conductivity is in better
agreement with experimental results using
(3)
Φ instead of
(3)
φ , which overestimates the lattice thermal conductivity
along the in-plane y and z directions. This is consistent
with the larger phonon linewidths obtained with the non-
perturbative TOFCs. The agreement for the in-plane
κyy ∼ κzz with the measurements by Ibrahim et al.18 is
good in the non-perturbative limit, contrary to previous
calculations that underestimate it22. The calculated out-
of-plane κxx is also in good agreement with the results
by Zhao et al.10, but we find that their ultralow results
for the in-plane κl, in contradiction with the values in
Ref. 18, are underestimated. It is not surprising that
the thermal conductivity in vacancy free SnSe is lower
along the out-of-plane direction due to the weaker bond-
ing. Thus, our calculations support the interpretation
that the weak anisotropy and ultralow thermal conduc-
tivity measured by Zhao et al.10 above the transition was
produced by the large amount of Sn vacancies present in
their samples18,47,48.
In conclusion, our first-principles calculations show
that the vibrational properties of SnSe in the Cmcm
phase are dominated by huge non-perturbative anhar-
monic effects. We show how the collapse of the Y1 mode
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Calculations are performed within LDA using the experimen-
tal structure. Different volumes or exchange-correlation func-
tionals give consistent results (see Supplementary Material).
is responsible for the second-order phase transition be-
tween the high-symmetry Cmcm and the low-symmetry
Pnma phase. The calculated transition temperature is
volume and functional dependent. The spectral functions
of in-plane modes are characterized by very anomalous
features, with shoulders and double peaks, clearly devi-
ating from the standard Lorentzian-like shape. These
results will eventually be crucial to interpret future INS
experiments for the high-temperature phase. The calcu-
lated in-plane thermal conductivity is in good agreement
with the experiments by Ibrahim et al.18, but not with
those by Zhao et al.10, supporting the interpretation that
in the latter experiment the thermal conductivity was
lowered by Sn vacancies. Our results show for the first
time that the inclusion of non-perturbative effects is cru-
cial not only for renormalizing phonon spectra, but also
for obtaining third-order force-constants that yield a lat-
tice thermal conductivity in agreement with experiments.
Similar huge non-perturbative anharmonic effects are ex-
pected in other good thermoelectric materials.
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